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Abstract. Recently, Corvaja and Zannier Pf Theorem 3] proved an 
extension of the Subspace Theorem with polynomials of arbitrary degree 
instead of linear forms. Their result states that the set of solutions in 
P"(iir) {K number field) of the inequality being considered is not Zariski 
dense. 

In this paper we prove, by a different method, a generalization of 
their result, in which the solutions are taken from an arbitrary projective 
variety X instead of P". Further we give a quantitative version, which 
states in a precise form that the solutions with large height lie in a finite 
number of proper subvarieties of X, with explicit upper bounds for the 
number and for the degrees of these subvarieties (Theorem II . '6\ belowl . 

We deduce our generalization from a general result on twisted heights 
on projective varieties (Theorem 12.11 in Section [21 . Our main tools are 
the quantitative version of the Absolute Parametric Subspace Theorem 
by Evertse and Schlickewei Theorem 1.2], as well as a lower bound by 
Evertse and Ferretti 0] Theorem 4.1] for the normalized Chow weight 
of a projective variety in terms of its m-th normalized Hilbert weight. 



1. Introduction 

1.1. The Subspace Theorem can be stated as follows. Let K he a number 
field (assumed to be contained in some given algebraic closure Q of Q), n a 
positive integer, < 5 ^ 1 and S a finite set of places of K. For t> G S", let 
. . . , Ln '' be linearly independent linear forms in Q[xo, . . . , x„]. Then 
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the set of solutions x G F"'{K) of 




V 



) 



^ + l + (5)/i(x) 



is contained in the union of finitely many proper linear subspaces of P". 

Here, h{-) denotes the absolute logarithmic height on P"(Q), | ■ |„, || ■ \\y 
{v G S) denote normalized absolute values on K and normalized norms on 
K"'^^, and each | ■ |„ has been extended to Q (see U1.4l below). The Subspace 
Theorem was first proved by Schmidt for the case that S consists 

of the archimedean places of K, and then later extended by Schlickewei 
to the general case. 

1.2. We state a generalization of the Subspace Theorem in which the linear 
forms Lj-"'* are replaced by homogeneous polynomials of arbitrary degree, 
and in which the solutions are taken from an n-dimensional projective sub- 
variety of where N ^ 1 . 

By a projective subvariety of P^ we mean a geometrically irreducible 
Zariski-closed subset of P^. For a Zariski-closed subset X of P^ and for a 
field fi, we denote by X{VL) the set of ^-rational points of X. For homoge- 
neous polynomials /i, . . . , in the variables Xq, . . . , xat we denote by 
{/i = 0, . . . , /r = 0} the Zariski-closed subset of P^ given by /i = 0, . . . , 



Then our result reads as follows: 

Theorem 1.1. Let K he a number field, S a finite set of places of K and 
X a projective subvariety of P'^ defined over K of dimension n ^ 1 and 
degree d. Let < 5 ^ 1. Further, for v & S let flf\ . . . , fn^ be a system of 
homogeneous polynomials in Q[xo, . . . ,X]y] such that 



fr = 0. 



(1.2) 



XiQ)n{ft^ = 0,...Ji^^ = 0} = forveS. 



Then the set of solutions x G X{K) of the inequality 



(1.3) 
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is contained in a finite union IJiLi ^ ~ 0} j ' where Gi, . . . ,Gu are 
homogeneous polynomials in K[xo, ■ ■ ■ ,xn] not vanishing identically on X 
of degree at most 

{8n + 6)(n + 2)2rfA"+^5-^ with A := \cm{deg f^"^ : v e S, ^ t ^ n) . 

It should be noted that if = n, X = P" and f!i'\..., /^"^ are hnear 
forms, then condition ()1.2|) means precisely that f^^^ , ■ ■ ■ , fn^ are linearly 
independent. 

We give an immediate consequence: 

Corollary 1.2. Let fo, . . . , fn be homogeneous polynomials in Q[xq, . . . , Xn] 
such that 



Let < 6 ^ 1. Then the set of solutions x = [xq, . . . , x„) G Z"^-'^ of 



is contained in some finite union of hypersurfaces {Gi = 0}U- ■ -UjCu = 0}, 
where each Gi is a homogeneous polynomial in Q[xo, . . . , x„] of degree at 
most {8n + 6)(n + 2YA''+^S-'^ with A := lcm(deg/i : ^i ^n). 

1.3. In their paper [Hj, Faltings and Wiistholz introduced a new method to 
prove the Subspace Theorem, and gave some examples showing that their 
method enables to prove extensions of the Subspace Theorem with higher 
degree polynomials instead of linear forms, and with solutions from an ar- 
bitrary projective variety. Ferretti [ZI,[H1 observed the role of Mumford's 
degree of contact jTHI (or the Chow weight, see ^2.31 below) in the work 
of Faltings and Wiistholz and worked out several other cases. Evertse and 
Ferretti jlj showed that the extensions of the Subspace Theorem as pro- 
posed by Faltings and Wiistholz can be deduced directly from the Subspace 
Theorem itself. 

Recently, Corvaja and Zannier |21 Theorem 3] obtained a result similar 
to our Theorem 11.11 with X = P". (More precisely, Corvaja and Zannier 
gave an essentially equivalent affine formulation, in which the polynomials 



{x G Q"^ : /o(x) 



/„(x)=0} = {0}. 
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fj^^^ need not be homogeneous and in which the solutions x have ^-integer 
coordinates). In fact, Corvaja and Zannier showed that the set of solutions 
of ()1.3|) is contained in a finite union of hypersurfaces in P" and gave some 
further information about the structure of these hypersurfaces, on the other 
hand they did not provide an explicit bound for their degrees. Corvaja and 
Zannier stated their result only for the case X = P" but with their methods 
this may be extended to the case that X is a complete intersection. In 
contrast, our result is valid for arbitrary projective subvarieties X of P^. 

In their paper [2], Corvaja and Zannier proved also finiteness results for 
several classes of Diophantine equations. It is likely, that similar results can 
be deduced by means of our approach, but we have not gone into this. 

1.4. Below we state a quantitative version of Theorem ll.il We first intro- 
duce the necessary notation. All number fields considered in this paper are 
contained in a given algebraic closure Q of Q. Let i^' be a number field and 
denote by Gk the Galois group of Q over K. For x = {xq, . . . ,xn) E Q ^ , 
cr G Gk we write cr(x) = (cr(xo), . . . , cr(xAr)). Denote by Mk the set of places 
of K. For V G Mk, choose an absolute value normalized such that the 
restriction of |.|^ to Q is \.\ii<^m/[K:Q] jf ^ jg archimedean and 
if V lies above the prime number p. Here |.| is the ordinary absolute value, 
and is the p-adic absolute value with \p\p = p~^. These absolute values 
satisfy the product formula IliieA/A' kit; = 1 for x G K*. 

Given x = (xq, . . . , Xat) G K^~^^ we put ||x||^ := max(|xo|^, . . . ,\x]\f\y) for 
V G Mk- Then the absolute logarithmic height of x is defined by /i(x) = 
log^fl^g^^ ||x||„j. By the product formula, h{Xx.) = h{x.) for A G K*. 
Moreover, /t(x) depends only on x and not on the choice of the particular 
number field K containing xo, ■ ■ ■ ,xn- Thus, this function h gives rise to a 
height on P^(Q). 

Given a system /o, . . . , /m of polynomials with coefficients in Q we define 
h{fo, . . . , fm) '■= h{a), where a is a vector consisting of the non-zero coef- 
ficients of /o, . . . , fm- Further by K{fQ, . . . , fm) we denote the extension of 
K generated by the coefficients of /o, . . . , fm- The height of a projective 
subvariety X of P^ defined over Q is defined by h{X) := h{Fx), where Fx 
is the Chow form of X (see ^2.31 below). 
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For every v G Mk we choose an extension of | ■ 1^, to Q (this amounts to 
extending | ■ |„ to the algebraic closure of and choosing an embedding 
of Q into Ky). Further for v G Mk, x = {xq, . . . ,Xn) G Q^^^ we put 
||x||^ := max(|xoU • • • , |a;Ar|^). 

1.5. Schmidt ^16j was the first to obtain a quantitative version of the Sub- 
space Theorem, giving an explicit upper bound for the number of subspaces 
containing all solutions with 'large' height. Since then his basic result has 
been improved and generalized in various directions. Evertse and Schlick- 
ewei jni Theorem 3.1] deduced a quantitative version of the Absolute Sub- 
space Theorem, dealing with solutions in P"(Q) of some absolute extension 
of (jLip . Their result can be stated as follows. 

Let again i^' be a number field, and 5* a finite set of places of K of cardinality 
s. Let ^ 1, < 5 ^ 1. For v e S, let Lq , Ln ^ be linearly indepen- 
dent linear forms in Q[xo, . . . , a;„]. Put V := n.es I det(4"\ . . . , L^r^)|, and 
assume that [K{Lf'^) : K] ^ C for t> G 5*, i = 0, . . . , n. Then the set of 
X G P"(Q) with 

(^-' n n ^ig^) « - (« + 1 + ^)Mx) . 

/i(x) ^ 9{n + 1)5-^ log(n + 1) + max ^) : veS,0^t^n) 

is contained in the union of not more than 

(3n + S)(^n+2)sQ{n+10)^^-{n+l)s^n-5 log(4C) loglog(4C) 

proper linear subspaces of P"(Q) which are all defined over K. 

Typically, the lower bound for h{x) depends on the linear forms L'f\ while 
the upper bound for the number of subspaces does not depend on the L^-"\ 

1.6. We now state an analogue for inequalities with higher degree polyno- 
mials instead of linear forms. We first list some notation: 

5 is a real with 0<5^1,i^'isa number field, 5* is a finite set of places of K 
of cardinality s, X is a projective subvariety of defined over K of dimen- 
sion n ^ 1 and degree d, fQ^\ . . . , fn^ {v G S) are systems of homogeneous 
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polynomials in Q[xo, . . . ,xn], 

f C:=max{[K{ft^):K]: v e S, t = 0, . . . ,n) , 
^ ■ ^ \ A :=lcm(deg/,^'^^ : v e S, i = 0, . . . ,n) , 

■log(4C) loglog(4C), 

;i.5) i := (8n + 6)(r2 + 2)2dA"+i5-i, 

A3 := exp (2(^n+20^2n+3^-n-l^n+2^n{n+2) log(2Cs)) , 

^ H := log(2A^) + h{X) + max {h{l, ^) : v e S, ^ i ^ n) . 
Theorem 1.3. Assume that 

m X(Q)n{/(^) = 0,...,/i^) = 0} =0 forveS. 

Then there are homogeneous polynomials Gi, . . . ,Gu G K[xo, . . . ,Xn] with 

u ^ Ai , deg Gi ^ A2 for i = 1, . . . ,u 
which do not vanish identically on X , such that the set of :x. E X[Q) with 

(1.7) /i(x) ^ A3 ■ if 

is contained in ULi ^ ~ 0}) ■ 

Clearly, the bounds in Theorem II .HI are much worse than those in the 
result of Evertse and Schlickewei. It would be very interesting if one could 
replace Ai, A3 by quantities which are at most exponential in (some power 
of) n and which are polynomial in 6~^,d,A. Further, we do not know 
whether the dependence of A2 on 6 is needed. 

1.7. Our starting point is a result for twisted heights on F" (a quantitative 
version of the Absolute Parametric Subspace Theorem), due to Evertse and 
Schlickewei jSl Theorem 2.1] (see also Proposition 13.11 in Section 121 below). 
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From this, we deduce an analogous result for twisted heights on arbitrary 
projective varieties; the statement of this result is in Sectional (Theorem l2. HI 
and its proof in Section |21 The proof involves some arguments from Ev- 
ertse and Ferretti j3] , in particular an explicit lower bound of the normalized 
Chow weight of a projective variety in terms of the m-th normalized Hilbert 
weight of that variety. In Section E] we give some height estimates; here we 
use heavily Remond's expose [T^ . Then in Section El we deduce Theo- 
rem Ol Using that F^{K) has only finitely many points with height below 
any given bound, Theorem 11.11 follows at once from Theorem II. HI 



2. Twisted heights 

2.1. The quantitative version of the Absolute Parametric Subspace The- 
orem of Evertse and Schlickewei mentioned in the previous section deals 
with a class of twisted heights defined on P"'(Q) parametrized by a real 
Q ^ 1. Roughly speaking, this result states that there are a finite number 
of proper linear subspaces of P"^ such that for every sufficiently large Q, 
the set of points in P"'(Q) with small Q-height is contained in one of these 
subspaces. Theorem 12 . II stated below is an analogue in which the points are 
taken from an arbitrary projective variety instead of P". Loosely speaking. 
Theorem II. 31 is proved by defining a suitable finite morphism (f from X to a 
projective variety Y C P"^ and a finite number of classes of twisted heights 
on Y as above, and applying Theorem 12. II to each of these classes. 

2.2. Let i^' be a number field. For finite extensions of K we define normal- 
ized absolute values similarly as for K. Thus, if L is a finite extension of 
K, w is a. place of L, and v is the place of K lying below w, then 

(2.1) \x\^ = Ixlf'"!") for xeK, with d{w\v) := 

[L : K\ 

where K^, denote the completions at v,w, respectively. 

We denote points on P-^ by y = (?/o, • • • , Z/_r)- For v G M^, let c„ = 
(coi,, . . . , crv) be a tuple of reals such that cq^ = ■ ■ ■ = cr^ = for all but 
finitely many places v G Mk and put c = (c^, : f G Mk)- Further, let Q be 
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a real ^ 1. We define a twisted lieiglit on P-^(Q) as follows. First put 
^Q.c(y) := n n^^/. {\y^\vQ''-) for y = (I/O, . . . e P^(ir); 

by the product formula, this is well-defined on F^{K). For any finite ex- 
tension L of K we put 

(2.2) Cj^ := Cj^ ■ (i(w|f ) for w G M^,, 

where Ml is the set of places of L and f the place of K lying below w. Then 
for y G P^(Q), we define 

(2.3) i/Q,c(y) := n o^fij (b^UQ'^™) 

where L is any finite extension of K such that y G P'^(L). In view of ^2,.\\ 
this definition does not depend on L. 

2.3. Let y be a (by definition irreducible) projective subvariety of P^ of 
dimension n and degree defined over K. We recall that there is an up 
to a constant factor unique polynomial Fy{'vS^\ ■ ■ ■ jU*^"^) with coefficients 
in K in blocks of variables u^^^ = {u'q \ . . . , u^^), . . . , u^") = {u^q \ . . . , u^ii), 
called the Chow form of Y , with the following properties: 

Fy is irreducible over Q; Fy is homogeneous in each block u'^'^^ [h = 
0, . . . , n); and Fy(u^'^\ . . . , u*^"-*) = if and only if Y and the hyperplanes 
^,^0 '^f^Vi ~ (/i = 0, . . . , n) have a Q-rational point in common. 

It is well-known that the degree of Fy in each block uC*) is D. 

Let c = (co, . . . , cr) be a tuple of reals. Introduce an auxiliary variable t 
and substitute t'^^uf'^ for uf'^ in Fy hi h = 0, ... ,n, i = 0, R. Thus we 
obtain an expression 

(2.4) Fy{t'^^u^^\ . . . , . . . ; . . . , t^-u^^^) 

= t^«G'o(u(°), . . . , u(")) + ■ ■ ■ + t^'-a(u(°\ . . . , u(")), 
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with Gq, . . . ,Gr G K[u^^\ . . . , u^")] and Cq > ei > ■ ■ ■ > e^. We now define 
the Chow weight of Y with respect to c ""^ by 

(2.5) ey(c) := cq. 

2.4. We formulate our main resuh for twisted heights. Below, F is a pro- 
jective subvariety of of dimension n ^ 1 and degree D, defined over K, 
and Cy = {cqv, . . . , crv) {v G Mk) are tuples of reals such that 

(2.6) ^0 for G Mk, i = 0,...,R; 

(2.7) Cot, = ■ ■ ■ = CRy = for all but finitely many v G M^', 

(2.8) ^ max(co„, . . . , CRy) ^ 1. 

Put 

(2.9) Ey(c) := [ J: e,-(c„)] . 

Further, let < 5 ^ 1, and put 

{El := exp (^2^0n+4^-2n^2n+2j . log(4i?) loglog(4i?), 
B2 := {4n + 3)D6'\ 
Bs := exp (^25"+^5-"-iL)"+2 log(4i?)) . 

Theorem 2.1. There are homogeneous polynomials Fi, . . . , G 
^bo, • • • 

t^Bi, degF, ^ 52 /orz = 

which do not vanish identically on Y , such that for every real number Q 
with 

logQ^B3-{h{Y) + l) 
there is Fi G {Fi, . . . , Ft} with 

(2.11) {y G r(Q) : Hg^^iy) ^ Q^^^'^^-'} cYn {F, = O} . 



The Chow weight is closely related to the degree of contact earlier introduced by 
Mumford [TO]. Roughly speaking, the degree of contact of Y with respect to c is defined 
for integer tuples c and it is equal to instead of cq. 
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3. Proof of Theorem 12.11 

3.1. We first recall the quantitative version of the Absolute Parametric 
Subspace Theorem of Evertse and Schlickewei. As before, K is an alge- 
braic number field and R^n are integers with R ^ n ^ 1. We denote 
the coordinates on P" by (xq, . . . , Given an index set / = {io, • • • , in} 
with iQ < ■ ■ • < in and linear forms Lj = Yl^=o (^ij^i U ^ ^) write 
det(Lj : j e I) := det(ai,iJij=o,...,n- 

Let Lq, . . . , be linear forms in K[xq, . . . ,Xn] with rank{Lo, . . . , Lr} = 
n + 1. Further, let 1^ {v G Mk) be subsets of {0, ... , R} of cardinality n+1 
such that 

(3.1) rank{Lj : i e h} = n + 1 for w G Mk- 
Define 

(3.2) n max| det(Li : z G /)|„, := JJ I det(Li : i G 4)|^ ; 

v<=Mk v<=Mk 

here the maximum is taken over all subsets / of {0, . . . , R} of cardinality 
n + 1. According to Lemma 7.2] we have 

(3.3) V ^ n^-(^tl) . 

Let = {div : i E 1^) (f G M^) be tuples of reals such that 

(3.4) diy = for i E and for all but finitely many v G M^, 

(3.6) max{div : z G /„) ^ 1 

and write d = (d„ : v G Mk)- 

We define a twisted height on P"'(Q) as follows. For any real number 
Q ^ 1 we first put 

^Q,d(x) = n f^^^ M^MvQ^'A for X G P"(ir). 
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More generally, if L is any finite extension of put 

(3.7) diu, := d{w\v)di^, := 4 

where v is the place of K lying below w. Then for x G P"'(Q) we define 

(3.8) i^a,dW= n U^^M^)\vQ"'A 

where L is any finite extension of K such that x G P"(L). This is indepen- 
dent of the choice of L. 

Now the result of Evertse and Schlickewei [3 Theorem 2.1] is as follows: 

Proposition 3.1. Let ly {v G Mk), d = [d^ : v e Mk), satisfy / TO]) . 
\3.Ji\l , respectively, and letQ<e^l. 

There are proper linear suhspaces Ti, . . . , o/P", defined over K , with 

(3.9) t <: 4("+9)'e-'^-5 log(3i?) loglog(3/?), 
such that for every real number Q with 

(3.10) Q ^ max {u^'^'^X'^) , {n + 1)^/^) 
there is Ti G {Ti, . . . , Tf} with 

(3.11) {x G P"(Q) : H*Q ,,{^) ^ pi/("+i)g-^} C T, . 

3.2. We recall some results from 4J. As in Section |^ we denote the coor- 
dinates on P-^ by (j/o, . . . , yR). Let y be a projective variety of P^ defined 
over K of dimension n and degree D. Let /y be the prime ideal of Y, i.e. 
the ideal of polynomials from Q[?/o, . . . , yn] vanishing identically on Y. For 
m G N, denote by Q[?/o, • • • , ynlm the vector space of homogeneous polyno- 
mials in Q[yo, ...,yR\ of degree m, and put (/y)^ :=Q[2/o, • • • , ?/R]m H ly- 
Then the Hilbert function of Y is defined by 



ify(m) := dim^ (^Q[yo, • • • , 2/i?]m/(/y)r 



The scalar product of a = (ao, . . . , a/j), b = (6o, • • • , &r) G M^"*"^ is given by 
a • b := ao6o H h aij&/?. For a = (ao, . . . , ctij) G (Z^o)^^\ denote by 
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the monomial ?/o° • • ■y'lf- Then the m-th Hilbert weight of Y with respect 
to a tuple c = (co, . . . , cr) G R-^^^ is defined by 

■ c 

where the maximum is taken over all sets of monomials {y'*\ . . . , y'^^y ('")}, 
whose residue classes modulo (/y)™ form a basis of Q[yo, ■ ■ ■ , yR]m/ (-^y)™,- 

We recall Evertse and Ferretti |5 Theorem 4.1]: 

Proposition 3.2. Let c = (cq, . . . , c/j) 6e a tuple of non-negative reals. Let 
m > D be an integer. Then 

(3-13) ^^^^k^^ ■ sy(m, c) ^ ■ ey(c) - ^^^^ ■ max(co, ...,cr). 

Let m be a positive integer. Put 

and let y*^", . . . , y**^™ be the monomials of degree m in yo, . . . , yn, in some 
order. Denote by the Veronese map of degree m, y t-^ (y**", • • • , y**^™). 
Lastly, denote by the smallest linear subspace of P'^™ containing ipm{Y). 

Lemma 3.3. (i) Y^ is defined over K; 

(ii) dimF„ = n„^D(™+"); 

(iii) h{Y^) ^ /^m("+") fD-'h{Y) + {3n + 4) log(i? + 1) 



Proof. (i),(iii) [4, Lemma 8.3]; (ii) Chardin ^1 Theoreme 1]. □ 

3.3. Let Cy G (f G M^) be tuples with ()2.6|) . For a suitable value of m, 
we link the twisted height Hq c from Theorem 12.11 to a twisted height on 
P"™ to which Proposition 13. II is applicable. Put 

(3.14) m := [{An + 3)D6-^] . 

Then by Proposition 13.21 and (j2.6jl we have 



SUBSPACE THEOREM WITH POLYNOMIALS OF HIGHER DEGREE 



13 



Denote as before the coordinates on P-^ by y = (?/o, • • • jVr), those on 
pn„ ^ p//y(m)-i by X = (xo, . . .,XnJ, and those on P-^- = pC"-")"^ by 
z = {zq, . . . , Zfi^). Since is an rim-dimensional hnear subspace of P^™ 
defined over K, there are hnear forms Lq, . . . , Lr^ G -ft'fxo, . . . , x^^] such 
that the map 

: (Lo(x),...,Lij„(x)) 

is a hnear isomorphism from P"™ to Thus, ip^^ipm is an injective map 
from Y into P""". 

For V G M;^ there is a subset of {0, . . . , Rm} of cardinahty + 1 = 
Hyim) such that {y*^* : i G It,} is a basis of Q[yo, . . . ,yR]m/{lY)m and 

(3.16) sy(m,c„) = ■ c„ . 

Now define the tuples d^, = {diy ,i & 1^) (t; G Mk) by 



a^ • C-^ 



(3.17) diy — ■ aj ■ Cj, H - ; — y 

m mirim + 1) \ 

= aj ■ H ■ sy(m, c^) , 

m mHY[rn) 

and put d = (d^, : v G M^)- Similarly to (j3.2p we define 

7i := JJ^ max I det(Lj : z G /)|„, V := JJ^ | det(Lj : i G /„)|t, , 

where the maximum is taken over all subsets / of {0, ... , Rm} of cardinality 
rim + 1- Then by, e.g., jU page 1300] we have 

(3.18) logT^ = h{Ym) . 

We define in a usual manner a twisted height on P"™(Q) by putting 
^Q,d(x)= n max(|L,,(x)UQ-*-) 

for X G P"™(Q), where L is any finite extension of K such that x G P"™ (L), 
Q ^ 1 is a real number, and diw = d{w\v)diy, 1^ = ly with v the place of K 
below w. It follows at once from ()2.7p that diy = for all but finitely many 
V and for i E ly. Therefore this height is well-defined. 
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Lemma 3.4. Assume that 

(3.19) Q ^ ^6/Sm{n^+l) _ 

Let y G Y{Q) be such that 

(3.20) i/Q,e(y) ^ g^-('^)-^ 

where Ey{c) = ^j^^ (E^,GM^ ey(c„)) . Let ^ = ip'^'^miy)- Then 

(3.21) ^Q™,dW ^ pi/(n™+i)(g™)-<5/3 _ 

Proo/. Put s„ := ^jjy(^) gy(^, c^), s := Y.v&Mk ^^^^ 

(3.22) i7^„,d(x) ^ g~™1//Q,c(y))'". 

Take a finite extension L of K such that y G F(L). We have x G P"™(Z/) 
and -Li(x) = y*^' for i = 0,...,Rm- So for w G we have (putting 
Syo '■= d{w\v)sv, with V the place of i^" below w), 

max (|L,(x)U(Q'-)-'^-') = max (ly^^Q^'-^-""^^-) 

^ max (ly^'UQ'"'''""™"'") ^ ( Q^'" .max (|i/iUQ'™) ) . 

j=0,.--,^?m y i=0,...,R J 

By taking the product over all w G M^, fj3.22|) follows. 

Now a successive application of ()3.19|) . ()3.22p . ()3.20|) . ()3.15p gives 

d(x) ^ pV{"m+l)gm5/6 . Q-msQmEYic)-m5 ^ pl/(n™+l) (^gm^)-V3 _ 

□ 

3.4. To complete the proof of Theorem 12.11 we apply Proposition 13.11 to 
fl3.21|) : that is, we apply Proposition 13.11 with n = n^, R = Rm, £ = 5/3, 
and with Q"^ in place of Q. For the moment we assume 

(3.23) logg ^ ^j^{Rm + ir-+\h{Yj + 1) . 

Notice that this is precisely ()3.1()|1 with R = Rm, n = rim, £ = S/3 and with 
Q"^ in place of Q. 

We have to verify that ()3.ip . ()3.4|) . ()3.5|) . ()3.6p are satisfied with nm,Rm 
in place of n, R. First, 1)3.11] follows at once from the definition of 1^ and 
the fact that ipm is a linear isomorphism. Second, ()3.4)1 follows from p.7j) . 
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Third, (jS^l) follows from (jTTTjl . (jSHEI)- Last, dSH) is consequence of 
()2.8|1 and the fact that j^Hvim) ' ^yi.'^^i ^v) can be expressed as a maximum 
of linear forms in cot,, . . . , c/j„, whose coefficients are non- negative and have 
sum equal to 1. 

Thus, there are proper linear subspaces Ti, . . . , Tt of P"™, defined over K, 
with 

(3.24) t < 4("-+9)'(3/5)"™+Mog(3i?„)loglog(3i?^) 
such that for every Q with ()3.23|) there is Tj G {Ti, . . . , Tj} with 

{x G P"'"(Q) : i/Q,n,d(x) ^ I?i/(™™.+i)(q™)-5/3| ^ 

For each space Tj there is a linear form Lj G K[zq, . . . , vanishing 
identically on iprniTi) but not on F^. Since by definition, is the smallest 
linear subvariety of P^™ containing LpmiX)-, the linear form Li does not 
vanish identically on Lp^iY). Replacing in Lj the coordinate Zj by y**^ for 
j = 0, . . . , we obtain a homogeneous polynomial Fj G -ft'[yo) • • • ? of 
degree m not vanishing identically on Y such that if x = ip^'-Pmij) £ Tj, 
then i^,(y) = 0. 

It is easily seen that assumption ()3.23p . together with ()3.18p and (j3.3p . 
implies ()3.19|) : hence Lemma 13.41 is applicable. Thus, we infer that there 
are homogeneous polynomials Fi, . . . ,Ft G K[yo, . . . , yn] of degree m, with t 
satisfying ()3.24|1 . such that for every Q with fl3.23|l there is Fj G {Fi, . . . ,Ft} 
with 

{y G F(Q) : Hg^y) ^ g^-(^)-^} C F H {F, = O} . 

By (j3.14|l we have m ^ {4:n + 3)D6^^, which is the quantity B2 from ()2.1()j) . 
So to complete the proof of Theorem 12.11 it suffices to show that the right- 
hand side of ()3.24|) is at most Bi and that the right-hand side of ()3.23p is 
at most B3 ■ (hiY) + 1), where Bi, B3 are given by ()2.10j) . 
Using m ^ 7 and the inequality 

(3.25) f " + + y^"" = (l + '-Y-(l + -y^(e(l + -) 
^ \ y J x'-'yy \ x) \ y) V ^ y', 

for positive integers x, we infer 



(3.26) 



\ m J \ ^ m' J 
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So by dSm, 

log(3i?^)loglog(3i?„) < 2mHogiAR)\og\ogiAR) 

^ 2{8n + 6YD^5-^ log(4i?) log log(4i?) . 

Further, by Lemma f3. 31 (ii), 

3.27 rim ^ d{ ^D{e{l + -)) 

\ n J ^ n 

^ D(e(l + 7Dr^))" ^ 2^"r"D"+^ 
Hence the right-hand side of ()3.24|) is at most 

■2(8n + QfD^5~^ log(4/?) loglog(4i?) 

^ exp {2'^n+A^-2njj2n+2\^ . log(4i?) loglog(4/?) = Bi , 

while by Lemma EH (EH, (E^Hl), (E2Z|), the right-hand side of (jT^ is 
at most 

(4i?)'" + r 



■{l + Dm{^^ + (3r2 + 4) log(i? + 1)) 



^ ri((4i?)(«)^'5" + i 



.25n^-n^n+l(3^ + 1) log(i? + 1) ■ {h{Y) + 1) 

< exp (^2^«+45-"-i/}«+2 log(4i?)) ■ {h{Y) + 1) = . + 1) . 

This completes the proof of Theorem 12.11 □ 



4. Height estimates 

4.1. In this section we compute some height estimates, using Remond's 
paper [T2j. 

Let i^' be a number field. Denote as before the set of places of K by 
and denote the sets of archimedean and non-archimedean places of 
K by and M]^, respectively. We use the normalized absolute values 
I ■ 1^ introduced in §1.41 Recall that for each of these absolute values we 
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have chosen an extension to Q. In particular, for each v e there is an 
isomorphic embedding cr„ : Q ^ C such that \x\y = \ay{x)\^^'''-^^^^^'-'^^ for 
xeQ. 

We represent polynomials as f — '^^^eMf where the symbol m 

denotes a monomial, M/ is a finite set of monomials, and c/(m) (m e Mf) 
are the coefficients. For any map a on the field of definition of / we put 

We define norms for polynomials fi — X^mgM <^/i(^)'^ — l)---;^) 
with complex coefficients: 

\\fi,...Jr\\ :=max(|c/^(m)| : 1 ^ i ^ r, m e M/J , 

r 

i=l meMf. 

and for polynomials fi, . . . , with coefficients in Q: 
ll/i, . . . , fr\\v '■= max 

(4.1) ||/i,...,/.|ki:=lk.(/i),---,<^.(/.)lir"*^^'''^'^^ {veM^), 
\\fi,...Jr\\v,i:^\\fi,...Jr\\v {veMl). 

Lastly, for polynomials /i, . . . , with coefficients in K we define heights 

M/i,. ..,/.):= log ( n ll/i,---,/. 

/il(/l,---,/r) :=log I JJ ||/l,...,/r|k,l 

More generally, for polynomials /i, . . . , with coefficients in Q we define 
. . . , fr), . . . , fr) by choosing a number field K containing the 

coefficients of /i, . . . , and using the above definitions; this is independent 
of the choice of K. 

We state without proof some easy inequalities. First, for x e Q''^^^ and 
/ e Q[xq, . . . , Xn] homogeneous of degree D we have 

(4.2) ll/(x)|k^||/|kilM|f iorvEMK. 
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Second, for x e P^(Q) and /o, . . . , G Q[xo, . . . ,xn] homogeneous of 
degree D we have 

(4.3) h{y)<:Dh{^) + h^{fo,...,fr), 
where y = (/o(x), . . . , /^(x)). 

Third, if / G Q[xq, . . . , x^] is homogeneous of degree D, and if Qq, Qn E 
Q[xq, . . . ,Xm] arc homogeneous of equal degree, then for the polynomial 
f{go,..., Qn), obtained by substituting the polynomial gi{xo, . . . , Xm) for Xi 
in / for i = 0, . . . , n, we have 

(4.4) hi {f{go, gn)) ^ hi{f) + Dhi{go, • • • , ^n) • 
Last, for /i, . . . , /r- G '^[^i-i ■ ■ ■ , Xn] we have 

(4.5) h{h, ...,/,) ^ /li(/i, ... , fr) ^ h{h, ...,/,)+ logM , 
where M is the number of non-zero coefficients in /i, . . . , Z^. 

4.2. We define another height for multihomogeneous polynomials. Given 
a field Q and tuples of non-negative integers 1 = (/q, • • • , Im), we write 
for the set of polynomials with coefficients in f2 in blocks of variables z'^'^^ = 
{z^\ . . . , z^^^)- ■ ■ ■ ■ z*^™^ = (-2o™\ • • • ) ^i^^) which are homogeneous in block 
for /i = 0, . . . , m. For / G we denote by deg^ / the degree of / in 
block z^''). 
Let 

S{1 + 1) {(^0, ...,zi)e C'+^ : l^ol' + ■ ■ ■ + \zi\^ ^ 1} , 
S{\) := S{lo + 1) X • • • X 5(Z^ + 1) . 

Denote by /xz+i the unique U{1 + 1, C)-invariant measure on S{1 + 1) nor- 
malized such that iii+i{S{l + 1)) = 1, and let /ii — //^o+i x • • • x /ii^+i be 
the product measure on S{V). Then for / G C[l] we set 

(4.6) m(/):=/ log |/(zW, zM)| - ^ deg, / J] - . 

-^■^(1) h=0 \j=l 

Given a number field K, we define for / G K[i\, 

(4.7) h*{f) E E logll/t>i- 
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Again, this does not depend on the choice of the number field K containing 
the coefficients of /, so it defines a height on Q[l]. It is not difficult to verify 
that 

r 

(4.8) h*{h---fr) = J2h*if^) for/i,...,/,GQ[l]. 

i=l 

Lemma 4.1. Let I = {Iq, . . . J^n) be a tuple of non-negative integers, and 
/gQ[1], /^O. Then 

m 

Proof. Put A := nr=o(^/i + l)'^''*^"^- According to the definitions of h* 
and hi, it suffices to prove that for / e C[l], 

(4.9) |m(/)-log||/||iKlogA 

Using |/(z(°), . . . ,z(™))| ^ ll/lli for (z^, . . . ,z('")) G S{\) we obtain at once 



m(/)< log 11/11 



h=0 \j=l ■'J 



To prove the inequality in the other direction, write / = "YlimeMf c(ni)m, 
where the sum is over a finite number of monomials m = Y\m=q rijLol-^j^'' 
with X]j=o '^hj = deg;^ / for /i = 0, . . . , m. For each such monomial we put 

pj, (deg,/)! 



am 



Then by an argument on ^21 PP- 111,112], 

\ 1/2 

^ a(m)-i|c(m)n ^ A^/^ exp(m(/)) . 

On combining this with the Cauchy-Schwarz inequality and Xlm '^(™) ^ 
we obtain 

/ \ / ^ 

= |c(m)| ^ ^ a(m) \ a(m)-^|c(m) 

^ y4exp(m(/)) . 
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This proves log ||/||i ^ rn^f) + log A, hence fl4.9j) . 



□ 



Lemma 4.2. Let fi 



...,/, gQ[1] andf = lY:^,U Then 



r 



m 



i=l h=0 



Proof. The first inequality is straightforward while the second follows 



4.3. In this subsection, X is a projective subvariety of P of dimension 
n ^ 1 and degree d defined over Q. 

Let A be a positive integer. Denote by the collection of all monomials 
of degree A in the variables Xo,...,xn- Let u*^^^ = {um '■ m G A/a) 
{h = 0, . . . ,n) he blocks of variables. There is an up to a constant factor 
unique, irreducible polynomial Fx,a G Q[u''°\ . . . , u*^"^], called the A-Chow 
form of X, having the following property (see [TT]): 

Fx,a(u*-'^-', . . . , u^")) = if and only if there is a Q-rational point in the 
intersection of X and the hypersurfaces XlmeMA "^mm = {h = 0, . . . ,n). 

Notice that is none other than the Chow form Fx of X. The form 
Fx, A corresponds to the Chow form F^^(^x) of the image of X under the 
Veronese embedding of degree A. It is known that Fx,a is homogeneous of 
degree A"d in u'^'^^ for h = 0, . . . ,n. 

For a monomial m = Xq° ■ ■ -x"^ of degree A, put /?(m) = A!/ao! ■ ■ -aAr!. 
Then the modified Chow form Gx,a{'^^^\ • • • ? u*^"^) is obtained by substitut- 
ing l3{mY^'^v!i^ for the variable u^m in the polynomial Fx,a{^'^^\ ■ ■ ■ j u^"^). 
Notice that Gx,i = Fx,i = Fx- Further, using the estimates |/3(m)| ^ A!, 
|/?(m)|p ^ |A!|p for each prime number p, one easily obtains 



The following is a special case of a fundamental result of Remond ^21 Thm. 



from Lemma [4. II and ()4.8j) . 



□ 



(4.10) 




2, pp. 99,100]: 



Lemma 4.3. h*{GxA) = A"+^/i*(Gx,i) = A"+^/i*(Fx). 
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From this we deduce: 
Lemma 4.4. /ii(Fx,a) ^ A"+^h{Fx) + 5{n + l)dA"+i log(iV + A). 

Proof. Recall that -Fx,a and Gx,a are homogeneous of degree A'^d in 
each block of variables u'^'^^ {h = 0, . . . , n) and that each of these blocks 
has (^^^) ^ {N + A)^ variables (that is, the number of coefficients of a 
homogeneous polynomial of degree A in + 1 variables) . So by ()4.1()j) and 
Lemma l4.ll 

hiiFx,A) ^ hiGxA) + ^(n + l)dA"+MogA 

^ h*{GxA) + + log A + {n + l)ciA'^log (^+^) 

^ h*{GxA) + + 1)^^A"''' log(iV + A) . 
Then using Lemma f4.2[ again Lemma f4. II and inequality ()4.5p we obtain 

hi{Fx,A) ^ A"+i/i*(Fx) + + l)rfA'^+i log(iV + A) 
^ A^+'h{Fx) + + l)rfA"+i log(iV + A) 

^ A"+i/i(Fx) + ^(^ + l)dA"+^ log{N + A) + A"+^ logM , 

where M is the number of non-zero coefficients of Fx- Since Fx is a poly- 
nomial in n + 1 blocks of + 1 variables, and homogeneous of degree d in 
each block, we have, using ()H.25j) 

^ exp Q(n + l)rflog(A^ + A) 
By inserting this into the last inequality, our lemma follows. □ 

We arrive at the following: 

Proposition 4.5. Let go, . . . ,gji be homogeneous polynomials of degree A 
in Q[xo, . . . , Xn] such that 

X(Q)n{go = 0,...,gR = 0} = 0. 
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Let Y = if{X), where (p is the morphism on X given by:K\-^ ((yfo(x), . . . , QrIx.)). 
Then 

h{Y) ^ A"+i/i(X) + (n + l)dA"/ii((7o,...,^7i?) + 

+5(n + l)rfA"+^ log(iV + A) + 3(n + l)rfA" \og{R + 1) . 

Proof. For j = 0, . . . , R write yj for gj{x) and denote by gj the vector of 
coefficients of gj, i.e., gj = EhigMa Cg, (™)™ Si = • ™ ^ ^a)- 

Introduce blocks of variables v'^'^^ = (t'o'^^ . . . , f^'') {h = 0, . . . ,n) and define 
the polynomial 

R R 

G(v(°), . . . , v(")) := F.,^ ( vfs„ ...,y: g.) • 

j=0 j=0 

Then ^(v^^^ . . . , v^")) = if and only if X and the hypersurfaces Ylf=o '^j'^^dj 
= {h = 0, . . . ,n) have a Q-rational point in common, if and only if Y and 
the hyperplanes Yl!j=o'^f^yj — ^ {h = 0, . . . ,n) have a Q-rational point in 
common, if and only if Fy{'v^^\ ■ ■ ■ , v*^"-') = 0, where Fy is the Chow form 
of Y. Therefore, G is up to a constant factor equal to a power of Fy- 

Put A := {n + l)dA"+Mog(A^ + A), B := {n + l)rfA"log(i? + 1). No- 
tice that G has degree dA"" in each block v'^'^^. Further, by ()4.4|) we have 
hi{G) ^ /ii(Fx,A) + (ri+l)rfA"/ii(^o, • • .,gR)+B. Together with LemmalOl 
Lemma l4.H this implies 

h{Y) = h{Fy) ^ hi{Fy) ^ hi{G) + 2B 

^ hiiFxA) + + l)dA"hi{go, ...,gR) + 3B 

^ A"+i/i(X) + (n + l)rfA"/ii ((70, ... , 9r) + 5A + 3B, 

proving our Proposition. □ 

5. Proof of Theorem 

5.1. We start with some auxiliary results. We denote the coordinates of 
by y = (2/0, •••,2/i^)• 
Lemma 5.1. Let Y be a projective subvariety of of dimension n ^ 1 
and degree D, defined over Q. Let c = (cq, . . . , cr) be a tuple of reals. Let 
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{io, . . . , in} be a subset of {0, ... , R} such that 

(5.1) Y{Q)n{y,, = 0,...,y,^ = 0} = 0. 

Then 

(5.2) _J_.e,(c)>^.(c, + ... + c,.). 

Proof. For a subset / = {k^, . . . , of {0, ... , R} with /cq < < " " " < 
define the bracket 

[/] = [/](uW,...,uW):=det(««) 

V / i,j=0,...,n 

where again u^^^^ denotes the block of variables {u^o\ . . . , u^r)- Let Ii, . . . ,Is 
with S = {^^D be all subsets of {0, ... , R} of cardinality n + 1. Then the 
Chow form Fy of F can be written as a homogeneous polynomial of degree 
Din : 

(5.3) Fy = j2cmir---[isr, 

where A is the set of tuples of non- negative integers a = (ai, . . . , as) with 

ai H h as = and where C(a) G Q for a G A ^, p. 41, Theorem IV]. 

For each bracket [/] we have 

[/](f»4°\ . . . . . . . . . ,f-4")) = tS^e.<^.[J], 

therefore, 

(5.4) (t^o4°\ . . . , . . . ; f o^"), . . . , f ^4")) 

= ^C(a)t^^=i"^'^^^^^^- ''^[Ji]"i ■ ■ ■ [Is]"' . 

Put eo := (1,0,..., 0), ei := (0,1,..., 0), . . ., Gr := (0,0,..., 1). Write 
{io, . . .,in} =■■ h- By (jSIH) we have -Fy (e^o, . . . , e^^) 7^ 0. Further, 

[/i](eio, . . . ,eij = 1, [/](eio, . . . ,eij = for / ^ Ji. 

Hence in expression fl5.3|) there is a term C ■ [/i]'^ with C G Q*, and if we 
substitute u^^) = e^^. (j = 0, . . . ,n) in (Q we obtain C ■ t^('=»o+ -+c«n). That 
is, one of the numbers Cj in ()2.4|1 is equal to D (qq + ■ ■ ■ + Ci,J. This implies 
3 at once. □ 
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In addition, we need the following combinatorial lemma, which is a con- 
sequence of 13 Lemma 4]. 

Lemma 5.2. Let 9 be a real with < 9 ^ and let q be a positive integer. 
Then there exists a set W of cardinality at most {e/9y~^, consisting of tuples 
(ci, . . . , Cg) of non-negative reals with Ci + ■ ■ ■ + Cg = 1, with the following 
property: 

for every set of reals Ai, . . . ,Ag and A with Aj ^ for j = 1, . . . ,q and 
'l2'j=i ^ there exists a tuple (ci, . . . , c^) G W such that 

A, <: -c,{l-9)A for J = l,...,g. 

5.2. In what follows, is a number field, 5* a finite set of places of K, and 
X, N, n, d, s, C, ff'^ (f G S', i = 0, . . . , n), C, A, Ai, A2, A3, H are as in 
Theorem 11.31 We denote the coordinates on by x = {xq, . . . ,xn). 

Let fo, . . . , fn be the distinct polynomials among a{fj^^) {v G S', j = 
0,...,n,aeGK). Then by (Ol) . 

(5.5) R^C{n+l)s-l. 

Let K' be the extension of K generated by the coefficients of fo, ■ ■ ■ , /r. 
Put gi := f^/^^^^^ for i = 0, . . . , i?. Thus, go, . . . ,gji are homogenenous 
polynomials in K'[xo, . . . ,xn] of degree A. Define 

V? : X t-^ (5(o(x), . . . ,5(fl(x)), Y := (p{X) . 

By assumption ()1.2|) . is a finite morphism on X, and F is a projective 
subvariety of defined over K'. We have 

(5.6) dim Y = n, degY =: D ^ rfA" . 

We denote places on K' by v' and define normalized absolute values | ■ |^/ 
on K' similarly to ^1.41 Further, for every v' G M^' we choose an extension 
of I ■ It,/ to Q. Since K'/K is a normal extension, for every v' G Mk' there 
is V G Gk such that 

(5.7) |a;|„/ = |v(x)|y3('') for x G Q 

where v G Mk is the place below v' and g{v) is the number of places of 
K' lying above v. For each v' G M^, there is an isomorphic embedding 
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a^, : K' ^ C such that \x\^> = |(t^/(x)|[^"'*]/[^'^^] for x E Q. We define 
norms || ■ H^,', || ■ for polynomials similarly as in ()4.1|) . with K',v',ay' in 
place of K,v,av. 

5.3. For later purposes we estimate from above hi{l, go, . . . , qr) and h{Y). 
By a straightforward computation we have for v' G M^,, 

||l,o-i>'(5'o), • • -^fJv'igRjWi 

R R 

<..|(ri;ri'-'"'")"""* 

R 

^{R + 2){N + A)^l[\\l,aAf.)t. 

i=0 

So for v' G M^, we have 

[K' I :R] 

||l,^o, • • • ,^kLm ^ ((i? + 2)(iV + A)^) W . JJ 111, /^||A 
In an easier manner one obtains for v' G M^,, 



1=0 



j=0 



So by taking the product over v' G M/^;/, substituting ()5.5|1 . and using that 
polynomials with conjugate sets of coefficients have the same height, 



R 



^0, . . . , ^ii) ^ A ( E /,)) + A log ((i? + 2)(iV + A)^) 



i=0 



^ AC( 5^ E )) + A log(iV + A) + log(3Cns) 

i,g5 j=0 
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and by inserting this estimate into Proposition 14.51 we infer 

n 

h{Y) ^ A"+i/i(X) + {n + l)rfA"+iC h{l, f'f^) + 

+ Q{n + l)rfA"+^ log(A^ + A) + A{n + l)rfA" log(3Cns) . 
A straightforward computation gives the more tractable estimates 

(5.8) hiigo,...,9R)^QA^Cns-H, 

(5.9) h{Y) < 25n^dA''+^Cs ■ H , 
where H is defined by p.5|l . 

5.4. We reduce p.6|) to a finite number of systems of inequalities, and then 
show that each such system leads to an inequality involving a twisted height. 

Let X G X(Q) be a solution of For v E S, let 1^ be the subset 

of {0, ... , R} such that {/j''^ : j = 0, . . . , n} = {/^ : i e h}. Put := 
II 1,5(0, . . .,gR\\v,i for V e S. Then 

By ()4.2|1 . the terms in the sum are ^ 0. We apply Lemma 15.21 with q = 

5 _ 1 _ n+1+5/' 

(2n+2+2<5) n+1+5 



n + l)s and 9 = ,i, „ = 1 — . We infer that there is a set W 



with 

(5.10) #>V ^ ^ ^(2^ +^2 + 2^) ^1 ^ ^i7^^-i)(n+i).-i 
consisting of tuples of non-negative reals (cj^, : v E S, i & ly) with 

(5.11) EE^» = i' 

such that for every solution x G X(Q) of p.6|) there is a tuple (cj^, : G 
5, i G 4) G W with 

(f G S", z G /t,). 

Denote by S' the set of places of K' lying above the places in 5*. Notice 
that each element of Gk acts as a permutation on (70, ... , (^/j. Let v' G S". 
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Write V for the place of K lying below v' and let r^/ G Gk be given by ()5.7j) . 
Then we define /„/ C {0, . . . , i?}, (i G /^') by 

{^(i : i G 4'} = : j G /„} for t;' G S", 

Cj,i>' := Cjv/g{v) for f' E S', i E Iv>, 

where j G is the index such that gi = T~}{gj). Further, we put 

G^, := II 1,5(0, . . ■,gR\\v',i for v' E Mk'- 

Then in view of ()5.7|) . we can rewrite system ()5.12|) as 

(t;' G 5', z G J^O- 

Invoking (j5.1()j) . (j5.1Hl we obtain the following: 

Lemma 5.3. There is a set W' of cardinality at most (17^5^^)'-"+^)*"-^, 
consisting of tuples of non-negative reals (q.^,/ : v' E S' , i E I^i) with 

(5.14) 5Z5Z^^'-' = 1' 

with the property that for every x G X(Q) with M.b]) there is a tuple in W' 
such that X satisfies l\5.1'J\} . 

We consider the solutions of a fixed system ()5.13|) . Put 

(5.15) Ciy = for v' E S', i E {0,..., R}\h' 

and v' E Mk'\S', i = 0,...,R 

and put Cyi := {coy , . . . , CRy) for v' E Mk', c := (c^,/ : v' E Mk')- De- 
note by y = {yo, . . . ,yR) the coordinates of P^. We define Hgdy), -Ey(c) 
similarly as ()2.3|) . ()2.9|) . respectively, but with K' in place of i^. 

Lemma 5.4. Let x G X(Q) be a solution of i5.1^) satisfying d i. 7| ) and /ei 
a E Gk- Put 

y := <^(a(x)), g := exp (^(n + 1 + 5/2)A/i(x)) . 
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Then 

(5.16) nQM^Q^"'^''"^ 



Proof. We first estimate from below Ey{c). Let v' G S' and write J^/ = 
{io, . . . ,in}. From assumption ()1.2p . and from tlie fact that X is defined over 
K and that g^^, . . . , are conjugate over K to powers of /q"'*, . . . , /n^"* where 
f G S* is the place below v', it follows that X(Q)n{(7i„ = 0, . . . , (/j^ = O} = 0. 
Since F = ip{X), for y G F(Q) there is x G X{Q) with ?/i = gi{x.) for 
i = 0, . . . , i?. Hence 

r(Q)n{y,„ = o,...,y,„ = o} = 0. 

Now Lemma f5. II implies 

^— — ■ ey(c^/) ^ (Ci(,y + ■ • • + Ci„y) = ■ V Ciy . 

n + 1 -L) 72 + 1 n + 1 

This holds for v' G S". For v' ^ S" we have ey(Ct,/) = by ()5.15|) . By 
summing over v' G S' and using ()5.14j) . we arrive at 

1 



(5.17) Ey{c) ^ 



n + 1 



Now let X G X(Q) be a solution of (fHT!^ with ((II7|) and let a G Gk- 
Then cr(x) is also a solution of ()5.13|) . In fact, by ()5.15p . cr(x) satisfies 
(jKT^ for t; G Mx, i = 0,...,R. Write y = V5((t(x)) so that yi = gi{a{x)) 
for i = 0, . . . , i?. Let L be a finite normal extension of K' such that ct(x) G 
X(L). Pick G and let f' be the place of K' below w. Then there is 
G Gal{Q/ K') such that \x\y^ = |T«,(a;)|^^"'''' for x G L, where c?(w|f') = 
[L^ : K'^,]/[L : f^']. Hence for z = 0, . . . , i?, with the usual notation = 
d{w\v')ci^^>, 

hUQ"- = |^?.(fr(x))UQ'=™ = (|(7.(r^a(x))|„,Q'=-')'^"''''^ 
^ (a.||r.a(x)L^)'^(-l'''^ = Gfl'^)||a(x)||e. 

By taking the product over w G M/^ and using /i(o"(x)) = /i(x) we obtain 
HqM ^ exp(/ii(l, go,..., gn)) ■ Q^+^ . 
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Now follows by observing that by ()5.17|1 , assumption ()1.7j) , and ()5.8j) , 

^ ~ 2(n + 2)2 ~ 72 + 1 + 5/2) 

4(n+ l)(n + 2)2 ^ ^ ^ 2(n + 2)2 ^ 

^6A'Cnsif^/ii(l,(7o,...,^7fl). 

□ 

5.5. We finish the proof of Theorem 11.31 We apply Theorem 12. II with K', 
2(^n+2y place of K, S and, in view of ()5.5|) and ()5.6|) . with D ^ c/A" 
and i? = C(n + l)s - 1. Notice that by ^J^,^J^, the conditions 
flTTjl . (j2IHI) (with ir' in place of K) are satisfied. Denote by B[, B'^, B'^ 
the quantities obtained by substituting 2(n+2)^ ^('^ + 1)-^ " 1 

and dA" for D in the quantities 5i, B2, -B3, respectively, defined by ()2.10|) . 
Recall that if x satisfies (ll.7j) then Lemma [5.41 is applicable. Moreover, 

log g = + 1 + ^H^) > 

= exp (26«+20^2n+3^-n-l^n+2^n(n+2) log(2Cs)) • 

^ exp (25"+^(2(n + 2)25-i)"+i(dA")"+2 log(4C(n + l)s)) ■ 
■(26n2dA"+2Cs) - if 

= B'^ ■ {2Qn^dA''+^Cs) ■ H ^ B'^{h{Y) + 1) , 

where the last inequality follows from Hence Theorem 12. II is applica- 

ble. 

Now Theorem 12.11 and Lemma 15.41 imply that there are homogeneous 
polynomials Fi, . . . ,Ft E K'[yo, . . . , not vanishing identically on Y, with 
t ^ B[ and degFj ^ B'2 for i = 1, . . . ,t, with the property that for every 
solution X e X(Q) of (fHT^ with (Hm), there is e {Fi, . . . , Ft} such that 
Fj(y9(cr(x))) = for every cr e Ga'- (In fact, taking Q = exp ((n + 1 + 
5/2)A/i(x)) it follows from Theorem 12. II that there is Fi with Fi{y) = for 
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every y G F(Q) with i^Q,c(y) ^ QEY(<^)-&/2(n+2f ^ ^Yien by Lemma O 
this holds in particular for all points y = ip{a{x.)), a E Gk-) 

This means that Fj(cr(x)) = for cr G Gk-, where Fi is the polynomial 
obtained by substituting gj for Uj in Fj for j = 0, . . . , R. Notice that 

G K'\ Xq, . . . , xat], degFj ^ and that Fi does not vanish identically 

on X. Write Fi = Yl!k=i^kFik where wi, . . . is a i^-basis of K' , and 
the Fik are polynomials with coefficients in K. We can choose Gi G {Fik : 
k = 1, . . . , M} which does not vanish identically on X. Now cr(Fj)(x) = 
for (J G Gii". Since the polynomials Fi^ are linear combinations of the 
polynomials cr(Fj) (cr G Gi^:) it follows that Fiki'x.) = for = 1, . . . , M, so 
in particular G'j(x) = 0. 

It follows that there are homogeneous polynomials Gi, . . . ,Gt G 
K[xo, . . . , xn] with t ^ B[ and degCj ^ -82^ for i = 1, . . . , t, not vanishing 
identically on X, such that the set of x G X(Q) with and with ()1.7|1 

is contained in IJi=i ^ = 0})- 

According to Lemma 15.31 there are at most T := (17ri(5^^)''"^^^* ^ dif- 
ferent systems ()5.13j) . such that every solution x G X(Q) of p.fij) satisfies 
one of these systems. Consequently, there are homogeneous polynomials 
Gi, . . . ,Gu G K[xo, . . . , X]\f] not vanishing identically on X, with u ^ B[T 
and with deg Gi ^ for i = 1, . . . ,u, such that the set of x G X(Q) with 
(HSl), (HHI) is contained in J"^^ (^X n {G^ = 0}) . 

Now the proof of Theorem 11.31 is completed by observing that in view of 

B'^A = {An + 3)(rfA")(2(n + 2)^6-^) A = (8n + 6){n + 2YdA''+^6-^ = 
and 

B[T ^ exp (2i°"+^(2(n + 2)2)2"r2"(rfA")2"+2) . 

■ log(4(n + l)Gs) log log(4(n + l)Gs) ■ {l7n6-^) ("+^)^-^ 

^ exp (2l2"+16^4n^-2n^2n+2^n(2„+2)^) . 

■(20n5-^)("+^)^ ■ log(4C) loglog(4C) 



= A, 



□ 
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